We give a necessary and sufficient condition that assures the convergence of conditional expectations in a Banach function space. This extends the result of A.
INTRODUCTION
Let ( O , M , p ) be a complete probability space and F= {%}:=' be a sequence of sub-cr-fields of M. Alonso denote the cr-field consisting of all A E M such that l,* +. 1, in L' for some {A,}:=, with A , E%, n 2 1, and FL the cr-field generated by functions g E L2 such that 1, + g weakly in L2 for some {Ank}F=l such that Ank E xk. Then 
THEOREM A ([l]).
(i)
(ii) % 3 27 and % 9;
We shall use only the equivalence between (i) and (ii) in what follows; an alternative proof of the equivalence will be given in Appendix.
In this note, we shall investigate the convergence of conditional expectations in more general Banach spaces X of measurable functions, including Orlicz space, Lorentz spaces, weighted LP-spaces, and so on. In particular, when X is rearrangement invariant, we shall show that (ii) of Theorem A implies that IIE[f I 9' 51 -E [ f I 9 1 1 1 x + . 0 for all f E X if and only if X has an absolutely continuous norm. For example, this is the case if X is the Orlicz space L@ with a Young function @ satisfying the A,-condition, or Lorentz space L P . 4 with 1 < p < co and 1 I q < a. We shall consider also the convergence of conditional expectations in weighted LP-spaces in the last section. It will be proved that the condition A,, introduced in Izumisawa and Kazamaki [61, is essential.
PRELIMINARIES
Let ( X , 11 . [Ix) be a Banach space (of equivalence classes) of measurable functions on R. (Throughout this note, we shall consider Banach spaces over the real-number field.) X is said to be a Banach finction space if it has the following properties:
(ii) if If1 I lgl as. and g E X , then f E X and llfllx I Ilgllx; If X is u.r.i., then it is r.i., and the converse is true when Cl contains no p-atom. Luxemburg [8] 
The associate space is again a Banach function space. Every Banach function space X is isometrically isomorphic to its second associate space X", cf. [2, p. 101. generally, if X = Y and X is rearrangement invariant: see Corollary 1. In general, however, not every conditional expectation operator is bounded on X even in the case X = Y. To see this, let R be the probability space
CONVERGENCE IN BANACH FUNCTION SPACES
with Lebesgue measure p, 9 the a-field consisting of all sets of the form A X I , where A is Lebesgue measurable, and X a Banach function space with the norm given by
Let B, and B, be Banach spaces. We denote by 2(B1, B,) the Banach space consisting of all bounded linear operators on B, into B,. We also write 9 ( B l ) instead of 9 ( B l , Bl). 
and one of (and hence all of) (i)-(iii) is true for some 9.
Recall that, when {f,} is a uniformly integrable sequence of measurable functions, {f,} converges in probability if and only if it converges in L' (cf., e.g., [lo, p. 1161). Hence the equivalence between (i) and (ii) follows from Theorem A. 
Clearly X is a Banach function space over (0, d, dt ). An elementary
Proof of Theorem 1. (a) As mentioned above, Theorem A shows that (i) and (ii) are equivalent. Assume (iii). It is clear from the fact 
where c > 0 is a constant. The norm of l{,f,-fm,, E ) on the right-hand side tends to zero by (ii) and Lemma 1 0). Since E > 0 is arbitrary, we have and llE[* I 3"lll9(x,~) I C. Note that L" is dense in X by Lemma 1. Let E > 0 and choose g E L" so that Ilf -gllx < E ; then we have 
EX.
We must prove that T is a conditional expectation operator. To this end, it suffices to show that T extends to an idempotent linear contraction on L' (see [9, p. 141) . A standard argument shows that T extends to a linear contraction on L' and Tf 
691) is a r.i. space which does not have an absolutely continuous norm. Hence there exists a uniformly integrable martingale (f,) which is not convergent in M(cp) and such that f m E M(cp).
To prove Theorem 2, we shall use the following elementary lemma. 
CONVERGENCE IN WEIGHTED LP-SPACES
In this section, we shall consider the convergence in weighted LP-spaces.
Let u and u be positive integrable functions on 0. For 1 ~p < 00, we denote by LP(u) (resp., LP(u)) the LP-space relative to the measure u d p (resp., u d p ) ; that is, the norm of LP(u) is given by It follows from Holder's inequality that if 1 < p < a and u -' Condition A , was introduced by Izumisawa and Kazamaki [6] , in the case where u = u and 9= {E} is increasing in n, for their study of the weighted Doob inequality. Their work was the trigger that brought the successive works on the weight theory for martingales, such as Uchiyama [12] , Sekiguchi [ll], Kazamaki and Kikuchi [7] , and so on. We shall show that A , is essential for the convergence of conditional expectations in the weighted LP-space. 
Let u and u be positive integrable functions satisfying u-['/(P-')]
THEOREM 3.
In view of Theorem 1, (i) is true if and only if
Therefore the above theorem immediately follows from the next lemma.
If u and v are as in Theorem 3 and F i s a sub-a-field of d, then the following conditions are equivalent: (i) E[. I F ] E P ( L P ( U ) , LP(u)) and the norm of E[. I F ] does not exceed
Prooj Suppose that 1 < p < 00 and (i) is true; then
holds for every non-negative f. Setting 
where A E F a n d E > 0, we get
As A ~F i s arbitrary, it follows that and hence that
Next, suppose that p = 1 and (i) is true, that is, that
holds for every non-negative f .
which implies that u-'E[u I F] I K. Thus we have proved that (i) implies (ii). Now assume that 1 < p < 00 and (ii) is true. Then Holder's inequality gives that, for every f E LP(u), Letting n +. and then k +. 00, we obtain the assertion in the case where 1 ~p I 2. The extension to the case of 2 < p < w is standard; see the proof of Theorem 1.
Starting from Step 1, we have proved that (ii) of Theorem A implies (i). Now we prove the converse.
Step 5 
